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Let k be field of characteristic p > 0 and let G be a finite group of order 
JGI =pJq with (p, q)= 1, d>O. Let m be any positive multiple of 
2(pd-pd-‘) for odd p or of 2d-’ for p=2. This note shows that 
THEOREM. A finitely generated kG-module M is projectitle if and oni-v if 
Ext&( M, M) = 0. 
Of course the “only if’ part of this theorem is trivial. In the examples 
with the Sylow p-subgroup of G cyclic this result is not the best possible. 
The proof needs the following topological concepts, for which a con- 
venient reference is my paper [ 11. The regular unitary representation 
G + C’( IGl ) defines Chern classes ci = ci(G) E H”(G, FP) for 1 < i < IGI. For 
any finitely generated kG-module Al H*(G, A) is finitely generated over the 
commutative ring k[c, , c2, . . . . cIG,]. This ring is itself finitely generated as 
a module over the commutative subring k[c,,,,, c,(~,, . . . . c,(~,]. Here 
n(i)=pd-pdei and p denotes the maximum of the ranks of the elementary 
abelian p-subgroups of G. For p = 2 only, it is possible to consider instead 
the regular orthogonal representation G -+ U( 1 GI ). This representation 
defines Stiefel-Whitney classes )F, E H’(G, F,) and once again H*(G, A) is 
finitely generated over the k[w,,,,, u’,(?,, . . . . u.,,(~,]. 
The standard arguments now show that the Poincare series 
C dim,H’(G, A), zi is a rational function whose denominator divides 
(,-;2,(1)).(,-Z2n(2)). . . . .(1-z2”‘P’ ) and that, if p = 2, it in fact divides 
(,-,~(‘)).(,-,y. . . . .(1-z”(P) ). This leads to the concept of the com- 
plexity of an indecomposable kG-module M: A is taken to be Hom,(M, M) 
and the complexity of M is defined to be the order of the pole at z = 1 of 
the Poincare series x dim, Ext&(M, M) . zi. An adequate account of the 
theory of complexity is given by P. Landrock in his lecture notes [2]. In 
particular, it is known that the indecomposable kG-module M is projectice if 
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and only if it has complexity 0. Thus M is projective if and only if for 
1 < i < p the above c,,~, (or, for p = 2 only, the above M.,,~,) induce nilpotent 
endomorphisms of Ext,&( M, M). 
The unit morphism of kc-algebras k + Hom,(M, M) induces an algebra 
morphism H*(G, k) -, H*(G, Hom,(M, M)) = Ext&(M, M). The images of 
the Chern classes c,,~, will be denoted by kj(G, M); in the case p = 2 
the images of the Stiefel-Whitney classes )vt‘,,i) will be denoted by bi(G, M). 
The module structure k @ Hom,( M, M) + Hom,( M, M) factorises as 
k @ Hom,(M, M) --t Hom,(M, M) 0 Hom,( M, M) -+ Hom,(M, M), where 
the first arrow represents the inclusion of the unit and the second 
represents the composition. This factorisation is compatible with 
the G-action. Thus the module structure H*(G, k) @ Ext&(M, M) --) 
Ext&( M, M) factorises through H*( G, k) @I Ext,*,(M, M) -+ Ext.&( M, M) @ 
Extlr;;(M, M) 4 Ext&(M, M). Thus the indecomposable kc-module M is 
projective if and only if for 1 Q id p the above ki( G, M) are nilpotent. If 
p = 2, this condition may be replaced by the nilpotence of the fii(G, M). 
The proof of the theorem has now been reduced to the assertion that if 
K,(G,M) (or, if p=2, fl,(G,M)) is zero then the other ki(G, M) (or, if 
p = 2, the other fii(G, M)) are also zero. There is a plausible but inadequate 
proof available using a formula given by E. Golod in the note cited in [ 11. 
Golod shows that for an appropriate Steenrod cohomology operation P 
(depending upon i) PC,,,, = c, ,,,. If the Steenrod operations could be exten- 
ded to the algebra Ext,*,(M. M) the result would follow immediately. 
However this does not appear to be possible. 
So instead the following assertion will be proved by induction upon (Cl: 
LEMMA. If the aboce K,(G. M) is nilpotent, the kc-module M is projec- 
rice. 
The version of this for p = 2 involving b,(G, M) is proved in the same way: 
the necessary modifications are left to the reader. The lemma implies the 
above theorem. 
In the proof of the lemma, the formulae given on p. 332 of [ 1 ] for the 
restriction of Chern classes to the cohomology rings of subgroups will be 
used without further reference. Lemma 2 of that paper is needed also. It 
asserts that if D is a group of order pd and of rank p, c,(D) is nilpotent 
except for i = n( j ), 1 d j d p. 
Suppose first that q> 1, and assume that K,(G, M)E Extpd”(M, M) 
is nilpotent. Let S be a Sylow p-subgroup of G. Then K~(S, M,) E 
ExtFJIL)(Ms, M,) is a multiple of the image of K,(G, M) and so is also 
nilpotent. By the inductive hypothesis, MS is a projective k9module. 
As [G: S] = q is prime to p, M is a projective kc-module. 
Suppose next that q = 1 and that the p-group G is not elementary 
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abelian. Then, for each elementary abelian subgroup E of G of index 
r(E) = pbcE’, K~(E, ME)r(E) E Extp,“)(M,, ME) is, modulo nilpotent 
elements, the restriction of K,(G, M). The inductive hypothesis now shows 
that L, is a projective kE-module. As this is valid for all such subgroups E. 
Chouinard’s theorem (see p. 145 of [2]) now shows that M is a projective 
kG-module. 
Suppose next that G = E x C where C is a cyclic group of order p and 
that E is elementary abelian of rank p - 1. As before, the restriction for- 
mulae and the inductive hypothesis may be used to show that M, is a pro- 
jective kE-module. Let x1, x2, . . . . xP : G --) U( 1) be linearly independent 
characters such that x, x1, . . . . x0-, are trivial on C and such that xP is 
trivial on E. We define di = x*c E H2( G, F)P where c E Zf2( BU( 1 ), FP) is the 
universal Chern class. Then there is a formal identity in the indeterminant 
T: 
~cc,T’=n(1+(r,d,+cr2d,+ -‘+z,d,)T). 
The left hand sum is over 0 < i <p and the ci are the Chern classes of the 
regular unitary representation of G (with c0 = 1 by convention). The right 
hand product is over the pp elements of F;. This formula follows from the 
decomposition of the regular unitary representation into pP linear charac- 
ters. L. Dickenson first noted that the c,,~) are algebraically independent 
and that the other cI are zero. The Hochschild-Serre spectral sequence 
collapses to produce an isomorphism: 
H*( C, (Horn&M, M)) x Ext&( M, M). 
Thus d,, d,, . . . . d,p, act trivially on both sides and so d;(l) acts on the left 
in the same way as k,(G, M) acts on the right. Hence the action of d, on 
the left term H*(C, Horn&M, M)) is nilpotent, and so the complexity of 
M is zero. Thus A4 is projective and the proof of the lemma is complete. 
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